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See TP A.4 and TP A.5 for background information and illustrations.

The cue ball is assumed to be rolling initially in the y direction (see the figure in TP A.4):
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From Equation 7 in TP A.5, the normal component of the post-impact cue ball velocity is:
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To find the tangential component, we need to know the direction of the friction impulse.  This direction will be
opposite from the direction of the relative sliding velocity of the point of contact (B) between the cue ball and
the object ball, at impact.  The total velocity of this point is: 

     kvjvjiRi
R

v
jvrvv OBB

ˆcosˆ)ˆcosˆsin()ˆ(ˆ
/  

 (3)

Using Equation 4 in TP A.5, and eliminating the normal component of this velocity, we can express the relative
sliding velocity vector for the point of contact:
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From Equation 8 in TP A.5, the normal impulse is given by:
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Therefore, the friction impulse can be expressed as:
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Therefore, the tangential component of the friction impulse (reversing the sign to match the direction
in TP A.5) is:
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and the vertical component is:

    2cos1
2

1ˆ emvF ballszfric  (8)

Now we can use Equation 7 above and Equations 2 and 4 from TP A.5 to find the tangential component of
the post-impact cue ball velocity:
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The vertical component of the friction impulse changes the angular momentum of the cue ball during impact.
Refer to the figure below.  The momentum about the x-axis changes according to:
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and about the y-axis according to:
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Note: The tangential component of the friction impulse affects the z-axis spin of the ball, but this has
negligible effect on the cue ball trajectory (see TP A.4).



Therefore, using Equations 1 and 8, the post-impact angular speed about the x-axis is: 

          





 


 1cos1

4

5

4

cos15

5
2

ˆcos
3

3

2


 e
R

v

R

ev

R

v

mR

FR
balls

ballszfric
xxo (16)

and about the y-axis is:
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The normal and tangential speed components for the cue ball need to be projected into the x and y
directions to be able to use the analysis in TP A.4.  The figure below shows how the components are
related.
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Using Equations 2 and 9, the x and y components of the post-impact cue ball velocity can be expressed as:

             cos11cossin
2

sincos 000 ee
v

vvv ballsntx  (18)

              22
000 cos)1(cos12sin

2
cossin ee

v
vvv ballsnty  (19)

Now that we know the cue ball post-impact velocity components (Equations 11, 12, and 13), we can
use the results from TP A.4 to see the effect on the cue ball trajectory.  Equations 24 and 25 from TP
A.4 describe the cue ball trajectory:
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From Equation 14 in TP A.4, the numerator terms are:

yoxoCxo Rvv  (22)

xoyoCyo Rvv  (23)



From Equation 15 in TP A.4, the denominator term is:
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From Equation 20 in TP A.4, the time required for the cue ball to begin rolling is:
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From Equations 21 and 22 in TP A.4, the final cue ball velocity components are:
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From Equation 23 in TP A.4, the final deflected cue ball angle is:
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Here are typical values for the parameters used in the equations along with the MathCAD forms of the results:

e 0.94 coefficient of restitution between balls

μballs 0.06 average coefficient of friction between the balls

ϕ 30 deg half-ball hit

μ 0.2 coefficient of friction between the cue ball and table cloth:
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 acceleration due to gravity g 9.807

v 2 average pre-impact cue ball speed in m/s

ball radius
R

2.25

2
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initial cue ball velocity components:
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 from Equation 16
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 from Equation 17

vx0 v ϕ e μballs  v
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sin ϕ( ) cos ϕ( ) 1 e μballs 1 e( ) cos ϕ( )  from Equation 18
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 from Equation 19

vC terms from TP A.4 used in several Equations: 

vCx0 v ϕ e μballs  vx0 v ϕ e μballs  R ωy0 v ϕ e μballs  from Equation 22

vCy0 v ϕ e μballs  vy0 v ϕ e μballs  R ωx0 v ϕ e μballs  from Equation 23

vC0 v ϕ e μballs  vCx0 v ϕ e μballs 2 vCy0 v ϕ e μballs 2 from Equation 24

time required for the cue ball to start rolling (cease sliding):

Δt v ϕ e μballs 
2 vC0 v ϕ e μballs 

7 μ g
 from Equation 25

velocity components when the cue ball starts rolling in a straight line:

vxf v ϕ e μballs  1

7
5 vx0 v ϕ e μballs  2 R ωy0 v ϕ e μballs   from Equation 26

vyf v ϕ e μballs  1

7
5 vy0 v ϕ e μballs  2 R ωx0 v ϕ e μballs   from Equation 27

the final deflected cue ball angle:

θc v ϕ e μballs  atan
5 vx0 v ϕ e μballs  2 R ωy0 v ϕ e μballs 

5 vy0 v ϕ e μballs  2 R ωx0 v ϕ e μballs 









 from Equation 28

x position of the cue ball during the curved trajectory:
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x position of the cue ball during and after the curve trajectory:

x t v ϕ e μballs  ΔT Δt v ϕ e μballs 

xc t v ϕ e μballs  t ΔTif

xc ΔT v ϕ e μballs  vxf v ϕ e μballs  t ΔT( )  otherwise



y position of the cue ball during the curved trajectory:
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 from Equation 21

y position of the cue ball during and after the curve trajectory:

y t v ϕ e μballs  ΔT Δt v ϕ e μballs 

yc t v ϕ e μballs  t ΔTif

yc ΔT v ϕ e μballs  vyf v ϕ e μballs  t ΔT( )  otherwise



Parameters used in the plot below:

T 4 number of seconds to display

t 0 0.05 T 0.1 second plotting increment

Equation for the tangent line:

xtangent_line t( )
t
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2

ytangent_line t( ) xtangent_line t( ) tan ϕ( )



half-ball hit with natural roll
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final deflected cue ball angle:

θc v ϕ 1 0( ) 33.67 deg with no ball inelasticity or friction

θc v ϕ 1 μballs  35.907 deg with ball friction only

θc v ϕ e 0( ) 31.988 deg with ball inelasticity only

θc v ϕ e μballs  34.026 deg with ball inelasticity and friction

So friction lengthens the cue ball angle, and inelasticity shortens the cue ball angle.
With both, the angle is changed only a little.



Here's how cue ball angle varies with cut angle (with ball ineleasticity and friction):
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Here are CB deflection angles for standard ball-hit fractions:

from TP A.23: f ϕ( ) 1 sin ϕ( ) ϕ f( ) asin 1 f( )

f
1

8
 ϕf ϕ f( ) 61.045 deg θc v ϕf e μballs  19.75 deg

f
1

4
 ϕf ϕ f( ) 48.59 deg θc v ϕf e μballs  27.18 deg

f
1

2
 ϕf ϕ f( ) 30 deg θc v ϕf e μballs  34.026 deg

f
3

4
 ϕf ϕ f( ) 14.478 deg θc v ϕf e μballs  28.399 deg

f
7

8
 ϕf ϕ f( ) 7.181 deg θc v ϕf e μballs  17.251 deg



Here is the maximum CB angle () and corresponding cut angle (max) for the various cases: 

ϕ 30 deg initial guess

with no ball inelasticity or friction:

θ ϕ( ) θc v ϕ 1 0( ) ϕmax Maximize θ ϕ( ) 28.126 deg θ ϕmax  33.749 deg

with ball friction only:

θ ϕ( ) θc v ϕ 1 μballs  ϕmax Maximize θ ϕ( ) 26.443 deg θ ϕmax  36.21 deg

with ball inelasticity only:

θ ϕ( ) θc v ϕ e 0( ) ϕmax Maximize θ ϕ( ) 28.995 deg θ ϕmax  32.009 deg

with ball inelasticity and friction:

θ ϕ( ) θc v ϕ e μballs  ϕmax Maximize θ ϕ( ) 27.468 deg θ ϕmax  34.173 deg

Here is how the ratio of CB angle to cut angle varies with cut angle (with ball inelasticity and friction):
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See TP B.13 to see how the flattness of this curve at low cut angles can be useful.  See also:

 https://billiards.colostate.edu/faq/cue-ball-control/where-cb-goes/


